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Abstract. We study Le Potier’s strange duality conjecture on P2. We show
the conjecture is true for the pair (W (2, 0, 2), M(d, 0)) with d > 0, where
W (2, 0, 2) is the moduli space of semistable sheaves of rank 2, zero first
Chern class and second Chern class 2, and M(d, 0) is the moduli space of
1-dimensional semistable sheaves of first Chern class dH and Euler
characteristic 0.
1 Introduction.
The strange duality conjecture is a very interesting and famous problem in the
theory of moduli spaces of sheaves. It was first formulated for moduli spaces of
vector bundles on curves by Beauville, Donagi and Tu in 1990s ([2],[7]). Two
groups of people proved this conjecture around 2007 ([3],[4] and [14]). Those
are very remarkable works.
So far, there is no general extension of strange duality conjecture to mod-
uli spaces of sheaves over surfaces. But under some conditions, this conjecture
can be formulated, such as Le Potier’s formulation on the projective plan (see
[6]) and Marian-Oprea’s formulation for K3 and Abelian surfaces (see [15]). In
this article, we study the former.
Let us briefly review the set-up for strange duality conjecture. More
details can be found in [6] and [15].
Let X be any smooth projective scheme. Let u and c be two elements in
the Grothendieck group K(X) of coherent sheaves on X , assume moreover u
is orthogonal to c with respect to the Euler characteristic, i.e. the flat tensor
Fu ⊗
L Fc is of Euler characteristic zero for any Fu (Fc, resp.) a sheaf in class
u (c, resp.). Denote by Mu (Mc, resp.) the moduli space of semistable sheaves
1
of class u (c, resp.), then there is a well-defined determinant line bundle λu(c)
(λc(u), resp.) associated to c (u, resp.) on Mu (Mc, resp.). Actually if there
are strictly semistable sheaves, we will require a slightly stronger condition to
define λc(u) and λu(c). We refer to Section 2 in [19] or Chapter 8 in [11] for the
explicit definition of this “determinant line bundle”. Notice that the definition
in [11] is dual to what we use in this paper.
The locus D := {(Fu, Fc) ∈ Mu × Mc|H
0(Fu ⊗ Fc) 6= 0} is closed in
Mu ×Mc. If D is a divisor of the line bundle λu(c) ⊠ λc(u) (not always the
case on surfaces), then the section induced by D defines the following strange
duality map up to scalars.
SDc,u : H
0(Mc, λc(u))
∨ → H0(Mu, λu(c)).
Strange duality conjecture (for the pair (u, c)) says SDc,u is an isomorphism.
In the Le Potier’s version of strange duality, X = P2 with the hyperplane
class H and x ∈ X a single point, u = ud := [OX ]− [OX(−dH)] +
d(d−3)
2
[Ox]
which is the class of 1-dimensional sheaves with first Chern class dH and
Euler characteristic 0, and c = crn := r[OP2]− n[Ox] which is the class of rank
r sheaves of first Chern class zero and second Chern class n. We denote by [F ]
the class of a sheaf F in K(X).
Very little is known in general about this conjecture for surfaces, even
at numerical level, i.e. whether we have h0(Mu, λu(c)) = h
0(Mc, λc(u))? There
are some results for special cases, for instance Danila proves that Le Potier’s
strange duality holds for (ud, c
2
n) with small n and d = 1, 2, 3 (see [5] and [6]);
Abe shows that it holds for (ud, c
2
n) with all n and d = 1, 2 (see [1]); the author
shows that it holds for (ud, c
1
n) for all n and d (see Section 4.3 in [19]); and also
a part of work in [10]. Marian and Oprea build a version of strange duality
and prove that it holds in a large number of cases for generic K3 and abelian
surfaces (see [16] and [17]).
In this article the surface is always P2 and we study the strange du-
ality for the pair (ud, c
2
2), d > 0. We denote W (2, 0, 2) := Mc22 , λ2(d) :=
λc22(ud), M(d, 0) :=Mud , Θ
2
d(2) := λud(c
2
2) and prove the following theorem.
Theorem 1.1 (Theorem 4.18). The Le Potier’s strange duality conjecture is
true for the pair (ud, c
2
2), d > 0, i.e. the strange duality map
SD := SDc22,ud : H
0(W (2, 0, 2), λ2(d))
∨ → H0(M(d, 0),Θ2d(2))
is an isomorphism.
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The proof of Theorem 1.1 is quite tricky: a priori we don’t have any
numerical evidence of the conjecture at this case, and in fact we still don’t
know how to compute directly h0(M(d, 0),Θ2d(2)). But h
0(W (2, 0, 2), λ2(d)) is
relatively easy to compute, and we get the injectivity of the map SD by using
Fourier transform. Then we only need to show that h0(M(d, 0),Θ2d(2)) ≤
h0(W (2, 0, 2), λ2(d)).
In Section 2 we introduce some notations and also some basic properties
of the moduli space M(d, 0). In Section 3 we show the injectivity of SD and
finally in Section 4 we show the surjectivity. At the end there is an appendix
where we give more properties of the Fourier transform for future use.
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2 Notations and Preliminaries.
1. We are always on P2 and the base field is C. H is the hyperplane class
in P2. |dH| is the linear system of the divisor class dH .
2. Let crn := r[OP2 ]−n[Ox] ∈ K(X) with x a single point on P
2 be the class
of sheaves with rank r, trivial determinant and second Chern class n.
3. Let ud := [OP2 ] − [OP2(−dH)] +
d(d−3)
2
[Ox], d > 0 be the class of 1-
dimensional sheaves supported at curves in |dH| and with Euler charac-
teristic 0.
4. Let W (r, 0, n) be the moduli space of semi-stable sheaves of class crn,
i.e. W (r, 0, n) = Mcrn . W (r, 0, n) is a good quotient of a smooth quasi-
projective variety, hence it is normal and Cohen-Macaulay. W (r, 0, n) is
irreducible (Theorem D in [9])
5. Let M(d, 0) be the moduli space of semi-stable sheaves of class ud, i.e.
M(d, 0) = Mud. M(d, 0) is a good quotient of a smooth quasi-projective
variety, hence it is normal and Cohen-Macaulay. M(d, 0) is irreducible
(Theorem 3.1 in [12]).
6. We denote by Θd the determinant line bundle associated to [OP2] on
M(d, 0). Since dim H0(Θd) = 1 (see [6] or Theorem 4.3.1 in [19]), the
line bundle Θd defines a unique divisor DΘd which consists of sheaves
with non trivial global sections.
3
7. By Proposition 2.8 in [13], Θrd(n) := Θ
r
d ⊗ π
∗O|dH|(n) is the determinant
line bundle λud(c
r
n) associated to c
r
n on M(d, 0) for any r ≥ 1, n ≥ 0,
where π : M(d, 0)→ |dH| sends every sheaf to its support.
8. By Theorem 4.3.1 in [19], π∗Θd ∼= O|dH| for any d > 0. By Theorem 3.5
in [12], for d = 1, 2 π is an isomorphism and ∀r, π∗Θ
r
d
∼= O|dH|.
9. Let λcrn(d) be the determinant line bundle associated to ud on W (r, 0, n).
Denote it simply by λr(d) if r = n. λ2(d) = λu in Theorem 1.1.
3 Injectivity of the strange duality map.
In this section we prove the following proposition.
Proposition 3.1. The strange duality map
SD : H0(W (2, 0, 2), λ2(d))
∨ → H0(M(d, 0),Θ2d(2)) (3.1)
is injective for all d > 0.
We first recall the Fourier transform on P2 (see also Section 4 in [12] or
[18]). Let D be the universal curve in P2 × |H| as follows.
P2 × |H| ⊃ D
q

p
// P2
|H| ∼= P2
. (3.2)
Let F be a pure 1-dimensional sheaf with Euler characteristic 0, then its
Fourier transform is defined to be GF := q∗(p
∗(F ⊗OP2(2)))⊗O|H|(−1). Let G
be a torsion-free sheaf on |H| with first Chern class 0 and Euler characteristic
0, then its Fourier transform is defined to be FG := R
1p∗(q
∗(G⊗O|H|(−1)))⊗
OP2(−1). We can identify |H| with P
2. Then these two Fourier transforms in
general need not be the inverse to each other, but they provide a birational
map as follows.
Φ :M(d, 0) 99KW (d, 0, d). (3.3)
We have the following theorem due to Le Potier (see Lemma 4.2 and
Corollary 4.3 in [12])
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Theorem 3.2 (Le Potier). Φ is defined over the complement of the divisor
DΘd ⊂M(d, 0) and induces an isomorphism onto the open subset in W (d, 0, d)
corresponding to polystable sheaves whose restriction on a generic line P1 ∼=
l ∈ |H| is isomorphic to O⊕dl . In particular, Φ is an isomorphism for d = 1, 2.
Let U(d, 0) := M(d, 0) \ DΘd. Then Φ is well-defined over U(d, 0). Let
V (d, 0, d) := Φ(U(d, 0)). Then we have U(d, 0)
Φ
−→
∼=
V (d, 0, d). Fourier trans-
form also behaves well in flat families as in the following lemma.
We say a sheaf F ∈ M(d, 0) (W (r, 0, n), U(d, 0), V (d, 0, d), resp.) if the
S-equivalence class of F is in M(d, 0) (W (r, 0, n), U(d, 0), V (d, 0, d), resp.).
Lemma 3.3. Let S be a Noetherian scheme. τ : S×P2 → P2 is the projection.
(1) Let F be a sheaf over S×P2 which is a S-flat family of pure sheaves
of class ud such that H
1(Fs ⊗ OP2(2)) = 0 for all s ∈ S. Then the Fourier
transform
GF := (idS × q)∗((idS × p)
∗(F ⊗ τ ∗OP2(2)))⊗ τ
∗OP2(−1)
is a flat S-family of sheaves of class cdd. In particular if Fs ∈ U(d, 0) then
(GF)s ∈ V (d, 0, d).
(2) Let G be a flat S-family of torsion-free sheaves of class cdd such that
Gs|l ∼= O
⊕d
l for all s ∈ S where l ∈ |H| is a generic line. Then the Fourier
transform
FG := R
1(idS × q)∗((idS × p)
∗(G ⊗ τ ∗OP2(−1)))⊗ τ
∗OP2(−1)
is a S-flat family of sheaves of class ud. In particular, if Gs ∈ V (d, 0, d) then
(FG)s ∈ U(d, 0).
Proof. We only show Statement (1) since (2) is analogous. It is enough to
show the S-flatness of GF . By Proposition 2.1.2 in [11], it suffices to show that
h∗(GF ⊗ τ
∗OP2(n)) is locally free over S for n ≫ 0, where h : S × P
2 → S is
the projection. We have the following commutative diagram
S S ×Dh
D
oo
idS×p//
idS×q
//
τD

S × P2
τ

h
##●
●
●
●
●
●
●
●
●
D
p
//
q
// P2 S.
hD = h◦(idS×p) = h◦(idS×q), p◦τ
D = τ ◦(idS×p) and q◦τ
D = τ ◦(idS×q).
Hence
GF ∼= (idS × q)∗((idS × p)
∗(F ⊗ τ ∗OP2(2))⊗ (τ
D)∗q∗OP2(−1))
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and
h∗(GF ⊗ τ
∗OP2(n)) ∼= h
D
∗ ((idS × p)
∗(F ⊗ τ ∗OP2(2))⊗ (τ
D)∗q∗OP2(n− 1))
∼= h∗(idS × p)∗((idS × p)
∗(F ⊗ τ ∗OP2(2))⊗ (τ
D)∗q∗OP2(n− 1)).
Because τ is flat, (idS × p)∗(τ
D)∗q∗OP2(n − 1) ∼= τ
∗p∗q
∗OP2(n − 1) is locally
free on S × P2 and Ri(idS × p)∗(τ
D)∗q∗OP2(n− 1) = 0 for all i 6= 0 and n ≥ 0.
Hence by Lemma 3.4 we have
(idS × p)∗((idS × p)
∗(F ⊗ τ ∗OP2(2))⊗ (τ
D)∗q∗OP2(n− 1))
∼= F ⊗ τ ∗OP2(2)⊗ (idS × p)∗(τ
D)∗q∗OP2(n− 1), for all n ≥ 0
∼= F ⊗ τ ∗OP2(2)⊗ τ
∗p∗q
∗OP2(n− 1), for all n ≥ 0.
Hence for n ≥ 0,
h∗(GF ⊗ τ
∗OP2(n)) ∼= h∗(F ⊗ τ
∗OP2(2)⊗ τ
∗p∗q
∗OP2(n− 1))
∼= h∗(F ⊗ τ
∗(OP2(2)⊗ p∗q
∗OP2(n− 1))).
p∗q
∗OP2(n− 1) is locally free over P
2 and we have the following sequence
0→ OP2(−1)
⊕h0(O
P2 (n−2)) → O
⊕h0(O
P2 (n−1))
P2
→ p∗q
∗OP2(n− 1)→ 0. (3.4)
F ⊗ τ ∗(OP2(2)⊗ p∗q
∗OP2(n− 1)) is S-flat because so is F . Since for all s ∈ S,
we have H1(Fs ⊗OP2(2)) = 0. Therefore by (3.4) we have H
1(Fs ⊗OP2(2)⊗
p∗q
∗OP2(n−1)) = 0 for all s ∈ S and hence h∗(F⊗τ
∗(OP2(2)⊗p∗q
∗OP2(n−1)))
is locally free on S for all n ≥ 0.
The lemma is proved.
Lemma 3.4. Let f : X → Y be a flat morphism of ringed spaces. Let F
be a coherent sheaf over Y with finite homological dimension. Let A be a
sheaf of OX-modules over X such that R
if∗A = 0 except for i = i0 and
TorjOX (A, f
∗F ) = TorjOY (R
i0f∗A, F ) = 0 for all j > 0. Then we have
∀ i, Rif∗(f
∗F ⊗A) ∼= F ⊗ Rif∗A. (3.5)
Proof. Since F is of finite homological dimension, we can take a locally free
resolution of it of finite length
E• → F.
then the sequence
f ∗E• ⊗A → f ∗F ⊗A
is still exact since f is flat, En are locally free and TorjOX (A, f
∗F ) = 0 for all
j > 0.
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On the other hand, for any n, i, Rif∗(f
∗En ⊗ A) ∼= En ⊗ Rif∗A by
the projection formula. Thus for i 6= i0, R
if∗(f
∗En ⊗ A) = 0 for all n.
Hence R•f∗(f
∗F ⊗ A) can be computed by the sequence Ri0f∗(f
∗E• ⊗ A) ∼=
E• ⊗ Ri0f∗A.
Hence (3.5) holds because the sequence
E• ⊗Ri0f∗A → F ⊗ R
i0f∗A
is still exact by TorjOY (R
i0f∗A, F ) = 0 for all j > 0. Hence the lemma.
Lemma 3.5. Let X a projective surface, S be any scheme of finite type. Let
G1,G2 be two S-flat families of torsion-free sheaves on X, and let F1,F2 be
two S-flat families of 1-dimensional pure sheaves. Moreover we ask that for a
generic s ∈ S, the intersection of supports of (F1)s and (F2)s is of dimension
0. Then
(1) TorjOX×S(G1,G2) = 0 for all j > 0;
(2) TorjOX×S(Gk,Fl) = 0 for all j > 0, k, l = 1, 2;
(3) TorjOX×S(F1,F2) = 0 for all j > 0.
Proof. Gi and Fi are all of homological dimension 1 for i = 1, 2. We Hence we
only need to show Tor1OX×S(G1,G2) = Tor
1
OX×S
(Fk,Gl) = Tor
1
OX×S
(F1,F2) = 0.
Tor1OX×S(G1,G2) is a subsheaf of G1 ⊗ E for some E locally free. But on
the other hand the support of Tor1OX×S(G1,G2) consists of all points (x, s) such
that not both (G1)s and (G2)s are locally free at x. Hence Tor
1
OX×S
(G1,G2) is
a torsion sheaf while it is also a subsheaf of the torsion-free sheaf G1 ⊗ E , and
hence Tor1OX×S(G1,G2) = 0.
Analogous arguments apply to Tor1OX×S(Fk,Gl) and Tor
1
OX×S
(F1,F2) and
hence the lemma.
Let FS (FT , resp.) be a S-flat (T -flat, resp.) family of sheaves in U(d, 0)
(U(r, 0), resp.), and let GS (GT , resp.) be the Fourier transform of FS (FT ,
resp.). Then by Lemma 3.3, GS (GT , resp.) is a S-flat (T -flat, resp.) family of
sheaves in V (d, 0, d) (V (r, 0, r), resp.)
Denote by Θrd(r)|S (Θ
d
r(d)|T , resp.) the pullback of Θ
r
d(r) (Θ
d
r(d), resp.)
on U(d, 0) (U(r, 0), resp.) via the classifying map S → U(d, 0) (T → U(r, 0))
induced by FS (FT , resp.), and denote by λd(r)|S (λr(d)|T , resp.) the pullback
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of λd(r) (λr(d), resp.) on V (d, 0, d) (V (r, 0, r), resp.) via the classifying map
S → V (d, 0, d) (T → V (r, 0, r)) induced by GS (GT , resp.). Define
D
1 :=
{
(s, t) ∈ S × T
∣∣H0(FSs ⊗ GTt ) 6= 0};
D
2 := {(s, t) ∈ S × T
∣∣H0(GSs ⊗FTt ) 6= 0}.
Then according to Theorem 2.1 in [6], D1 (D2, resp.) is a divisor of line bundle
Θrd(r)|S ⊠ λr(d)|T (λd(r)|S ⊠ Θ
d
r(d)|T , resp.), which induces a map ζD1 (ζD2 ,
resp.) as follows.
H0(S,Θrd(r)|S)
∨ ζD1−−→ H0(T, λr(d)|T );
H0(S, λd(r)|S)
∨ ζD2−−→ H0(T,Θdr(d)|T ).
Proposition 3.6. Θrd(r)|S ⊠ λr(d)|T
∼= λd(r)|S ⊠ Θ
d
r(d)|T and D
1 = D2. In
particular, we have the following commutative diagram
H0(S,Θrd(r)|S)
∨
ζ
D1 //
∼=

H0(T, λr(d)|T )
∼=

H0(S, λd(r)|S)
∨
ζ
D2
// H0(T,Θdr(d)|T ).
(3.6)
Proof. We have the following commutative diagram
S ×D
idS×q

idS×p

S × T ×D
αDSoo
idS×T×q

idS×T×p

αDT // T ×D
idT×q

idT×p

S × P2
τS

S × T × P2αS
oo
τS×T
ww♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
αT
//
h

τS×T
((P
PP
PP
PP
PP
PP
PP
P
T × P2
τT

P2 S × T P2.
By the basic property of the determinant line bundles (see Ch 8 Theorem 8.1.5
in [11]) we have
Θrd(r)|S ⊠ λr(d)|T
∼= det−1(R•h∗(α
∗
SF
S ⊗ α∗TG
T )),
and
λd(r)|S ⊠Θ
d
r(d)|T
∼= det−1R•h∗(α
∗
SG
S ⊗ α∗TF
T ).
Let
G˜ := ((idS×T × p)
∗α∗S(G
S ⊗ τ ∗SOP2(−1)))⊗ ((idS×T × q)
∗α∗T (G
T ⊗ τ ∗TOP2(−1))).
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Then by Lemma 3.5 and Lemma 3.4 we have
Ri(idS×T × p)∗G˜ = 0, ∀ i 6= 1, R
1(idS×T × p)∗G˜ ∼= α
∗
SG
S ⊗ α∗TF
T ,
and
Ri(idS×T × q)∗G˜ = 0, ∀ i 6= 1, R
1(idS×T × q)∗G˜ ∼= α
∗
SF
S ⊗ α∗TG
T .
On the other hand, hD := h ◦ (idS×T × p) = h ◦ (idS×T × q). Hence
Θrd(r)|S ⊠ λr(d)|T
∼= det(R•hD∗ G˜)
∼= λd(r)|S ⊠Θ
d
r(d)|T .
Notice that ∀ (s, t) ∈ S × T , G˜s,t = p
∗GSs (−1) ⊗ q
∗GTt (−1) is of Euler
characteristic zero. This is because Rip∗G˜s,t = 0, ∀ i 6= 1 and R
1p∗G˜s,t ∼= F
S
s ⊗
GTt is of Euler characteristic zero. Also we know that H
i(G˜s,t) ∼= H
i−1(FSs ⊗
GTt )
∼= H i−1(GSs ⊗F
T
t ). Let
D
D :=
{
(s, t) ∈ S × T
∣∣H1(D, p∗GSs (−1)⊗ q∗GTt (−1)) 6= 0}.
Then DD = D1 = D2 set-theoretically. To complete the proof of the propo-
sition, We only need to construct a section of det(R•hD∗ G˜) defining D
D as a
divisor. Take an exact sequence on S × P2
0→ AS → BS → GS ⊗ τ ∗SOP2(−1)→ 0,
such that BS ∼= τ ∗SOP2(−mS)
⊗VS with mS ≫ 0 and VS some vector space, and
AS is locally free. Then on S × T ×D we have
0→ A˜ → B˜ → G˜ → 0,
where A˜ ∼= ((idS×T × p)
∗α∗S(A
S)) ⊗ ((idS×T × q)
∗α∗T (G
T ⊗ τ ∗TOP2(−1))), and
B˜ ∼= ((idS×T ×p)
∗α∗S(B
S))⊗ ((idS×T ×q)
∗α∗T (G
T ⊗τ ∗TOP2(−1))). We claim that
RihD∗ A˜ = R
ihD∗ B˜ = 0, ∀ i 6= 2 and both R
2hD∗ A˜ and R
2hD∗ B˜ are locally free of
the same rank. If this is true, then R•hD∗ G˜ can be computed by the following
sequence
R2hD∗ A˜
η
−→ R2hD∗ B˜,
i.e. RihD∗ G˜ = 0, ∀ i 6= 1, 2, R
1hD∗ G˜
∼= Ker(η) and R2hD∗ G˜
∼= Coker(η).
Therefore det(η) gives a section of det(R•hD∗ G˜) defining D
D.
To show RihD∗ A˜ = R
ihD∗ B˜ = 0, ∀ i 6= 2, it is enough to show H
i(p∗ASs ⊗
q∗(GTt (−1))) = H
i(p∗BSs ⊗ q
∗(GTt (−1))) = 0 for all (s, t) ∈ S × T and i 6= 2.
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Since Rjp∗(q
∗GTt (−1)) = 0 for all j 6= 1 and R
1p∗(q
∗GTt (−1))
∼= FTt (1), we
have
H i(A˜s,t) = H
i(p∗ASs ⊗ q
∗(GTt (−1))) = H
i−1(ASs ⊗ F
T
t (1));
H i(B˜s,t) = H
i(p∗BSs ⊗ q
∗(GTt (−1))) = H
i−1(BSs ⊗ F
T
t (1)).
Hence H i(p∗ASs ⊗ q
∗(GTt (−1))) = H
i(p∗BSs ⊗ q
∗(GTt (−1))) = 0, ∀ i 6= 2 by
BSs
∼= OP2(−mS)
⊗VS with mS ≫ 0.
R2hD∗ A˜ and R
2hD∗ B˜ are of the same rank because G˜s,t is of Euler charac-
teristic zero and hence A˜s,t and B˜s,t are of the same Euler characteristic. The
proposition is proved.
For any d, r, n > 0, we have the strange duality map
SDd,crn : H
0(M(d, 0),Θrd(n))
∨ → H0(W (r, 0, n), λcrn(d)). (3.7)
Denote it simply by SDd,(r) if r = n. Notice that the dual map SD
∨
d,(2) is the
map SD in (3.1). Proposition 3.6 implies the following corollary.
Corollary 3.7. The Fourier transform Φ in (3.3) identifies the determinant
line bundle Θrd(r) on U(d, 0) with λd(r) on V (d, 0, d) for any d, r > 0. Moreover
we have a commutative (up to scalars) diagram as follows
H0(U(d, 0),Θrd(r))
∨
SDd,(r)
//
∼=

H0(V (r, 0, r), λr(d))
∼=

H0(V (d, 0, d), λd(r))
∨
SD∨
r,(d)
// H0(U(r, 0),Θdr(d)).
(3.8)
Proposition 3.8. Let d = 1, 2. Then the strange duality map SDd,(crn) in (3.7)
is injective for any r > 0 and n = ar with a ∈ Z≥1.
Proof. Let G be a sheaf inW (r, 0, n). By Theorem 2.1 in [6] we can associate to
G a section sG of Θ
r
d(n) given by the divisor DG := {F ∈M(d, 0)|H
0(F⊗G) 6=
0}. To show that SDd,(r,0,n) is injective, it is enough to show that we can find
a collection of finitely many sheaves {Gi} in W (r, 0, ar) such that {sGi} spans
H0(M(d, 0),Θrd(ar)).
For d = 1, 2, M(d, 0) ∼= |dH| and Θrd(n)
∼= O|dH|(n) for all r > 0 (see [6]
or Proposition 4.1.1 in [19]). We choose a finite collection of distinct points
{xj}j∈J , and associate to each point xj a divisor consisting of curves pass-
ing through xj , which gives a section tj of O|dH|(1). Let N = dim |dH|,
then it is possible to choose N + 1 distinct points xj such that {tj}
N+1
j=1
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spans H0(O|dH|(1)). Hence we can choose n(N + 1) distinct points x
k
j with
1 ≤ j ≤ N + 1, 1 ≤ k ≤ n such that {tj1,··· ,jn} spans H
0(O|dH|(n)), where
tj1··· ,jn is defined as follows.
tj1,··· ,jn :=
n∏
k=1
tkjk , with t
k
jk
the section associated to xkjk .
Let n = ar, then we define a collection of semistable sheaves {Gi} con-
sisting of all the sheaves of the form
r⊕
l=1
IZl, where IZl is the ideal sheaf of Zl
and Zl consists of a distinct points in {x
k
j}. Let F ∈ M(d, 0) with d = 1, 2.
Then H0(F ⊗G) 6= 0 for G =
r⊕
l=1
IZl iff Supp(F )∩ (
r⋃
l=1
Zl)) 6= ∅. Hence {sGi}
spans H0(O|dH|(ar)) = H
0(M(d, 0),Θrd(ar)). Hence the proposition.
Remark 3.9. We have the restriction map
H0(W (r, 0, r), λr(d))
r
−→ H0(V (r, 0, r), λr(d)).
Then r ◦ SDd,(r) is injective for d = 1, 2 since Gi =
r⊕
l=1
IZl ∈ V (r, 0, r).
Proof of Proposition 3.1. According to Corollary 3.7 and Theorem 3.2, we
have the following commutative diagram
H0(M(2, 0),Θd2(d))
∨
SD2,(d)
//
∼=

H0(W (d, 0, d), λd(2))
d // H0(V (d, 0, d), λd(2))
∼=

H0(W (2, 0, 2), λ2(d))
∨
SD=SD∨
d,(2)
// H0(M(d, 0),Θ2d(2)) ıd
// H0(U(d, 0),Θ2d(2)).
(3.9)
Then the injectivity of SD follows from Remark 3.9.
Remark 3.10. For d ≥ 3, actually the map Φ can be extended to a larger
open subset than U(d, 0) and we have the following isomorphism for all d, r
Φ∗ : H0(W (d, 0, d), λd(r))
∼=
−→ H0(M(d, 0),Θrd(r)).
(See Theorem A.1 in the appendix.)
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4 Surjectivity of the strange duality map.
We already know that the map SD is injective, to prove the surjectivity, it is
enough to show that
h0(M(d, 0),Θ2d(2)) ≤ h
0(W (2, 0, 2), λ2(d)). (4.1)
We already know that
h0(W (2, 0, 2), λ2(d)) = h
0(M(2, 0),Θd2(d)) =
(
5 + d
d
)
.
Lemma 4.1. For d ≤ 3, h0(M(d, 0),Θ2d(2)) =
(
5 + d
d
)
.
Proof. We can find this result in [6] or use Proposition 4.1.1 and Theorem
4.4.1 in [19] to compute directly.
Let M(d, 0)int be the open subscheme of M(d, 0) parameterzing sheaves
with integral supports. The following lemma follows from Theorem 4.17, Ex-
ample 4.18 (1) and Remark 6.3 in [21].
Lemma 4.2. The codimension of M(d, 0) \M(d, 0)int is ≥ min{d− 1, 7}, for
all d.
Now we assume d ≥ 4. Then S-equivalent classes of sheaves with non-
integral supports form a subset of codimension ≥ 3 in M(d, 0).
Recall that there is a unique divisor DΘd associated to the line bundle
Θd. We have the following exact sequence.
0→ Θr−1d (n)→ Θ
r
d(n)→ Θ
r
d(n)|DΘd → 0, for all n, r. (4.2)
Recall that we have a projection π : M(d, 0)→ |dH| sending every sheaf
to its support. By Theorem 4.3.1 in [19], we have π∗Θd ∼= O|dH|.
Proposition 4.3. Riπ∗Θ
r
d = 0 for all i > 0, r > 0.
Proof. By Proposition 3.0.3 and Proposition 4.2.11 in [19], we know that
Θrd(n) with r > 0 has no higher cohomology as n ≫ 0. We may choose n
very large such that Riπ∗Θ
r
d(n) has no higher cohomology for all i. Then we
get a surjection H i(Θrd(n)) ։ H
0(Riπ∗Θ
r
d(n)) which implies that for i > 0,
H0(Riπ∗Θ
r
d(n)) = 0 as n→ +∞. Therefore R
iπ∗Θ
r
d = 0 for i > 0.
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Proposition 4.3 together with the fact that π∗Θd ∼= O|dH| imply that
H i(Θd(n)) = 0 for all i > 0, n ≥ 0. So for n ≥ 0 we have
h0(Θ2d(n)) = h
0(Θd(n)) + h
0(Θ2d(n)|DΘd ). (4.3)
In general we have
h0(Θrd(n)) ≤ h
0(Θr−1d (n)) + h
0(Θrd(n)|DΘd). (4.4)
The crucial theorem is as follows.
Theorem 4.4. For d ≥ 4, r > 0 and n ≥ 0, we have
(1) H0(M(d, 0),Θrd(n)|DΘd ) = 0 if r > n;
(2) h0(M(d, 0),Θrd(r)|DΘd) ≤ h
0(M(d − 3, 0),Θrd−3(r)).
Actually, Proposition 4.3 is not necessary to our proof of the surjectivity.
We will see that given Theroem 4.4, (4.4) will suffice to get (4.1). The following
corollary to Theorem 4.4 is trivial.
Corollary 4.5. (1) H0(M(d, 0),Θrd(n))
∼= H0(M(d, 0),Θnd(n)), for r > n.
(2) h0(M(d, 0),Θrd(r)) ≤ h
0(M(d0, 0),Θ
r
d0
(r))+
∑
0≤k< d
3
h0(M(d−3k, 0),Θr−1d−3k(r)),
with d0 ≡ d (mod 3) and 1 ≤ d0 ≤ 3.
In order to prove Theorem 4.4, we first need to construct some birational
maps relating DΘd and M(d − 3, 0) to the Hilbert scheme Hilb
[
d(d−3)
2
](P2) of
d(d−3)
2
-points on P2. The strategy is very similar to [21].
Let e := d(d−3)
2
and He := Hilb
[e](P2). Denote by Ie the universal ideal
sheaf over P2 ×He. From now on we take the following convention.
Convention. If we have a product P2 ×M with M some moduli space
(e.g. M(d, 0),W (r, 0, n), DΘd, He, etc.), then we usually denote by q the pro-
jection P2 ×M → P2, and p the projection P2 ×M → M . Most of the time,
we use p and q without clarifying that they are maps from the product of P2
with some moduli space.
LetQ1 := QuotP2×He/He(Ie⊗q
∗OP2(d−3), dn) andQ2 := QuotP2×He/He(Ie⊗
q∗OP2(d−3), (d−3)n) be the two relative Quot-schemes over He parametrizing
quotients with Hilbert polynomials P (n) = dn and P (n) = (d − 3)n respec-
tively. Let ρi : Qi → He be the projection. Each point [f1 : IZ(d − 3) ։
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Fd] ∈ Q1 ([f2 : IZ(d − 3) ։ Fd−3] ∈ Q2, resp.) over [IZ ] ∈ He must have the
kernel OP2(−3) (OP2 , resp.). This is because Ker(fi) are torsion free of rank
1 and second Chern class zero. Therefore by Lemma 5.7 in [21], both Fd and
Fd−3 are pure of dimensional one, for every [f1 : IZ(d − 3) ։ Fd] ∈ Q1 and
[f2 : IZ(d− 3)։ Fd−3] ∈ Q2.
For any ideal sheaf IZ with len(Z) = e, we have H
0(IZ(d− 3)) 6= 0 and
H0(IZ(d)) 6= 0. Hence ρi are surjective. We write down the following two
exact sequences.
0→ OP2(−3)→ IZ(d− 3)→ Fd → 0; (4.5)
0→ OP2 → IZ(d− 3)→ Fd−3 → 0. (4.6)
If Fd (Fd−3, resp.) is semistable, then Fd ∈ DΘd (Fd−3 ∈M(d− 3, 0), resp.).
We will construct rational maps g1 : Q1 99K DΘd and g2 : Q2 99KM(d−
3, 0). We then will use these two maps to relate H0(M(d, 0),Θrd(n)|DΘd ) to
H0(M(d− 3, 0),Θrd−3(n)).
⋆ A birational map from Q1 to DΘd.
Choose m large enough. Let Ωd be the smallest open subset of the Quot-
scheme QuotP2(OP2(−m)
⊕dm, dn) containing all GL(dm)-orbits of semistable
sheaves and sheaves appearing in Q1.
For any a, b ∈ Z≥0, we define the (locally closed) subscheme H
a,b
e of He
as follows.
Ha,be :=
{
IZ ∈ He
∣∣h0(IZ(d− 3)) = a and h1(IZ(d)) = b}.
Ha,be is empty unless a ≥ 1. H omp(q
∗OP2(−3), Ie ⊗ q
∗OP2(d − 3)|P2×Ha,be )
∼=
p∗(Ie ⊗ q
∗OP2(d)|P2×Ha,be ) is a locally free sheaf of rank 3d+ 1+ b on H
a,b
e . Let
Qa,b1 := ρ
−1
1 (H
a,b
e ), then the following lemma is trivial.
Lemma 4.6. Qa,b1
∼= P(p∗(Ie ⊗ q
∗OP2(d)|P2×Ha,be )).
Define
Ωa,bd :=
{
[OP2(−m)
⊕dm
։ Fd] ∈ Ωd
∣∣h0(Fd) = a and h1(Fd(3)) = b}.
We have a universal quotientQd on P
2×Ωd. Let V
a,b := E xt1p(Qd|Ωa,b
d
, q∗OP2(−3)).
Then Va,b is a rank a vector bundle over Ωa,bd . Qd is naturally GL(dm)-
linearized, hence so is Va,b. The projective bundle P(Va,b) has a natural
14
PGL(dm)-action, and the projection P(Va,b)→ Ωa,b is PGL(dm)-equivariant.
In particular if a = 1, P(Va,b) = Ωa,b. There is an open subscheme P a,b1 ⊂
P(Va,b) parametrizing torsion free extensions of Qd,ω by OP2(−3) for all ω ∈
Ωa,bd . Then we have a classifying map f
a,b
1 : P
a,b
1 → Q
a,b
1 . (4.5) implies that
H0(IZ(d−3)) ∼= H
0(Qd,ω) andH
1(IZ(d)) ∼= H
1(Qd,ω(3)) for [IZ(d−3)։ Qd,ω].
Lemma 4.7. fa,b1 : P
a,b
1 → Q
a,b
1 is a principal PGL(dm)-bundle.
Proof. GL(dm) acts on Ωa,b. We have Gω ∼= Aut(Qd,ω) with Gω the stabilizer
of each point ω ∈ Ωa,b. Gω acts on the fiber space V
a,b
ω
∼= Ext1(Qd,ω,OP2(−3))
of Va,b at ω, andGω/C
∗ acts freely on P a,b1 ∩P(V
a,b)ω ∼= P
a,b
1 ∩P(Ext
1(Qd,ω,OP2(−3))).
This gives an interpretation of the PGL(dm)-action on P(Va,b) and hence
PGL(dm) acts freely on P a,b1 . On the other hand the map f
a,b
1 is PGL(dm)-
invariant with fiber isomorphic to PGL(dm). Hence the lemma.
Ωd is a smooth atlas of the moduli stack Md parametrizing semistable
sheaves of Hilbert polynomial dn and sheaves appearing in Q1. Define
Ωintd :=
{
[OP2(−m)
⊕dm
։ Fd] ∈ Ωd
∣∣Supp(Fd) is integral}.
Then by Theorem 4.17 and Example 4.18 (1) in [21], the complement of Ωintd
in Ωd is of codimension ≥ min{d− 1, 7}. It is easy to see that Ω
int
d is smooth
and connected, hence Ωd is irreducible.
Let Ωod = Ω
1,0
d ∩Ω
int
d , then the complement of Ω
o
d in Ω
1,0
d is of codimension
≥ min{d − 2, 6} ≥ 2 since d ≥ 4. Because a = 1, P(V1,0) = Ω1,0 and P o1 :=
P 1,01 ×Ω1,0
d
Ωintd = Ω
o
d. Let Q
o
1 := f
1,0
1 (Ω
o
d). Then the complement of P
o
1 (Q
o
1,
resp.) in P 1,01 (Q
1,0
1 ) is of codimension ≥ 2.
Since sheaves with integral supports are stable, the universal family on
Qo1 induces a morphism g1 : Q
o
1 → M(d, 0) with the image, denoted by D
o
Θd
,
contained in the divisor DΘd. We have the following commutative diagram
P o1
∼= //
fo1

Ωod
fo
d

Qo1 g1
//DoΘd
, (4.7)
where f o1 is the restriction of f
1,0
1 to P
o
1 . Then we have
Lemma 4.8. The map g1 : Q
o
1 → D
o
Θd
is an isomorphism.
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Proof. In (4.7) both f o1 and f
o
d are geometric PGL(dm)-quotient, hence both
Qo1 and D
o
Θd
are the geometric PGL(dm)-quotient of Ωod and g1 is an isomor-
phism.
Lemma 4.9. The complement of DoΘd in DΘd is of codimension ≥ 2. In
particular since DoΘd is smooth, DΘd is normal.
Proof. Let DintΘd := DΘd ∩M(d, 0)
int. By Lemma 4.2, the complement of DintΘd
in DΘd is of codimension ≥ 2 for d ≥ 4. D
o
Θd
⊂ DintΘd . It is enough to show the
statement for DΘd replaced by D
int
Θd
. All sheaves in DintΘd are stable, hence it is
enough to show
dim Ωa,bd ∩ Ω
int
d ≤ dim Ω
o
d − 2, ∀ a ≥ 1 and (a, b) 6= (1, 0). (4.8)
By Proposition 5.5 in [21], we only need to show (4.8) for (a, b) = (2, 0).
The complement of Ωod in Ω
1,0
d is of codimension ≥ 2, hence by Lemma 4.6 and
Lemma 4.7 we have
dim Ωod = dim Ω
1,0
d ≥ dim P
1,0
1 = dim Q
1,0
1 + dim PGL(dm)
= dim H1,0e + 3d+ dim PGL(dm) = dim He + 3d+ dim PGL(dm).
The last equation is because H1,0e is open in He by the semi-continuity. Also
by Lemma 4.6 and Lemma 4.7, we have
dim Ω2,0d ∩ Ω
int
d ≤ dim P
2,0
1 − 1 = dim Q
2,0
1 + dim PGL(dm)− 1
= dim H2,0e + 3d+ dim PGL(dm)− 1
≤ dim He + 3d+ dim PGL(dm)− 2 ≤ dim Ω
o
d − 2.
Notice that H2,0e is locally closed in He and hence dim H
2,0
e ≤ dim He − 1
because He is irreducible. Hence the lemma.
Remark 4.10. We know that there is no universal sheaf over any open subset
of M(d, 0). But Lemma 4.8 implies that there is a universal sheaf over the
locally closed subset DoΘd in M(d, 0).
Remark 4.11. Our argument for the birationality between Q1 and DΘd can
be simplified, if we use “stack language” as we did in [21]. But we stick to
schemes here because we don’t want to talk about line bundles over stacks.
By Lemma 4.8 we have
H0(Θrd(n)|DoΘd
) ∼= H0(Qo1, g
∗
1Θ
r
d(n)). (4.9)
We will see that g∗1Θ
r
d(n) can be extended to a line bundle Λ
r
n on Q
1,0
1 .
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By deformation theory, the relative obstruction space of Q1 over He is
Ext1(OP2(−3), Fd) = H
1(Fd(3)) at the point [IZ(d − 3) ։ Fd]. Hence ρ1
restricted on Qa,01 is smooth for any a ≥ 1. H
1,0
e is open in He hence smooth
and hence so is Q1,01 .
There is a universal quotient F1,0d on P
2 ×Q1,01 . By Lemma 4.6 we have
an exact sequence as follows.
0→ q∗OP2(−3)⊗ p
∗Oρ1(−1)→ (idP2 × ρ1)
∗Ie ⊗ q
∗OP2(d− 3)→ F
1,0
d → 0,
(4.10)
where Oρ1(−1) is the relative tautological line bundle of the projective bundle
P(p∗(Ie ⊗ q
∗OP2(d)|P2×H1,0e )). Let G
r
n be a torsion free sheaf of class c
r
n on P
2.
Define
Λrn := det
−1(R•p∗(F
1,0
d ⊗ q
∗Grn)).
Then by the universal property of determinant line bundles, Λrn|Qo1
∼= g∗1Θ
r
d(n).
Since Q1,01 is smooth and the complement of Q
o
1 in Q
1,0
1 is of codimension ≥ 2,
we have
H0(Qo1, g
∗
1Θ
r
d(n))
∼= H0(Q
1,0
1 ,Λ
r
n). (4.11)
On the other hand by (4.10), we have
Λrn
∼= det(R•p∗(q
∗Grn(−3)⊗ p
∗Oρ1(−1)))⊗ det
−1((idP2 × ρ1)
∗Ie ⊗ q
∗Grn(d− 3))
∼= Oρ1(−1)
⊗χ(Grn(−3)) ⊗ ρ∗1det
−1(R•p∗(Ie ⊗ q
∗Grn(d− 3))). (4.12)
Notice that the maps p and q at the first line of (4.12) are from P2 × Q1,01 to
Q1,01 and P
2 respectively, while p, q at the second line are from P2 × H1,0e to
H1,0e and P
2. As is said in the convention before, we don’t change the letters
although they are different maps.
Proof of Statement (1) in Theorem 4.4. By (4.12), (ρ1)∗Λ
r
n = 0 if χ(G
r
n(−3)) >
0⇔ χ(Grn) = r − n > 0. By Lemma 4.9 we have an injection
H0(DΘd,Θ
r
d(n)|DΘd ) →֒ H
0(DoΘd ,Θ
r
d(n)|DoΘd
).
Then Statement (1) follows from (4.9) and (4.11).
Let r = n, then (ρ1)∗Λ
r
r
∼= det−1(R•p∗(Ie⊗ q
∗Grr(d− 3))) =: L
r
1,0 is a line
bundle on H1,0e . There is an obvious extension of L
r
1,0 to a line bundle L
r on
the whole He.
Lemma 4.12. The complement of H1,0e in He is of codimension ≥ 2.
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We will prove Lemma 4.12 in next subsection. Because M(d, 0) is irre-
ducible, normal and Cohen-Macaulay, Lemma 4.9 and Lemma 4.12 together
with (4.9) and (4.11) implies the following proposition.
Proposition 4.13. h0(DΘd,Θ
r
d(r)|DΘd) = h
0(He, L
r), for all r > 0.
⋆ A rational map from Q2 to M(d− 3, 0).
Again we choosem large enough and let Ωd−3 be the smallest open subset of the
Quot-scheme QuotP2(OP2(−m)
⊕(d−3)m, (d− 3)n) containing all GL((d− 3)m)-
orbits of semistable sheaves and sheaves appearing in Q2. Let Qd−3 be the
universal quotient over P2 × Ωd−3.
Define
Ω≤Ad−3 :=
{
[OP2(−m)
⊕(d−3)m
։ Fd−3] ∈ Ωd−3
∣∣h0(Fd−3) ≤ A, h0(Fd−3(−3)) = 0};
and
Ωod−3 := Ω
int
d−3 ∩ Ω
≤1
d−3.
Lemma 4.14. (1) The complement of Ω≤0d−3 is of codimension ≥ 1.
(2) The complement of Ωod−3 in Ωd−3 is of codimension ≥ 2, if d−3 6= 2.
Proof. Directly follows from results in [21] (see Proposition 5.5, Remark 5.6,
Theorem 4.17 and Example 4.18 (1) in [21]).
E xt1p(Qd−3, q
∗OP2) is locally free of rank 3(d−3) on Ω
≤A
d−3. The projective
bundle P˜≤A2 := P(E xt
1
p(Qd−3|P2×Ω≤A
d−3
, q∗OP2)) has a natural PGL((d − 3)m)-
action, and the projection P˜≤A2 → Ω
≤A
d−3 is PGL((d − 3)m)-equivariant. Let
P≤A2 be the open subset of P˜
≤A
2 parametrizing torsion free extensions.
Define
P o2 := P
≤A
2 ×Ω≤A
d−3
Ωod−3.
Then P o2 is a projective bundles over Ω
o
d−3. We have a morphism f
≤A
2 : P
≤A
2 →
Q2 induced by the universal extension on P
≤A
2 . Denote by Q
≤A
2 (Q
o
2, resp.)
the image of P≤A2 (P
o
2 , resp.), and f
o
2 the restriction of f
≤A
2 to P
o
2 . Then we
have the following lemma.
Lemma 4.15. ∀A ≥ 0, f≤A2 : P
≤A
2 → Q
≤A
2 is a principal PGL((d − 3)m)-
bundle.
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Proof. The proof is analogous to Lemma 4.7
We have a commutative diagram
P o2
σo2 //
fo2

Ωod−3
fo
M

Qo2 g2
//M(d − 3, 0)o
(4.13)
where f o2 and f
o
M are principal PGL((d−3)m)-bundles, σ
o
2 is PGL((d−3)m)-
equivariant, and hence it descends to the map g2. Moreover, P
o
2 is a projective
bundle over Ωod−3, hence (σ
o
2)∗OP o2
∼= OΩo
d−3
and hence (g2)∗OQo2
∼= OM(d−3,0)o .
Hence
H0(M(d− 3, 0)o,Θrd−3(n))
∼= H0(Qo2, g
∗
2Θ
r
d−3(n)). (4.14)
Define
H≤Ae :=
{
IZ ∈ He
∣∣ h0(IZ(d− 3)) ≤ A + 1 and h0(IZ(d− 6)) = 0}.
Recall the projective map ρ2 : Q2 → He. By (4.6), the preimage of H
≤A
e via
ρ2 is exactly Q
≤A
2 . By deformation theory and (4.6), ρ2 is smooth at the locus
Hsme :=
{
IZ ∈ He
∣∣h0(IZ(d− 3)) ≤ 1} = {IZ ∈ He∣∣h0(IZ(d− 3)) = 1}.
Notice that h0(IZ(d − 3)) ≥ 1 for all IZ ∈ He. Also it is easy to see that ρ2
induces an isomorphism between Hsme and its preimage. Hence Q2 and He are
birational. H≤0e ⊂ H
sm
e .
Lemma 4.16. The complement of H≤0e in He is of codimension ≤ 2. In
particular, Q≤A2 is irreducible containing Q
o
2 as a dense open subset for all
A ≥ 0.
Proof. By Lemma 5.9 in [21], points IZ ∈ He such that H
0(IZ(d − 6)) 6= 0
forms a subset of codimension ≥ 3(d− 3) ≥ 3. Hence to show the lemma, it is
enough to show that H≤Ae \H
≤0
e is of dimension ≤ d(d− 3)− 2 for all A ≥ 0.
The relative dimension of ρ2 is ≥ 1 over H
≤A
e \H
≤0
e , hence it is enough to show
that Q≤A2 \Q
≤0
2 is of dimension ≤ d(d− 3)− 1 = dim Q
≤0
2 − 1, which follows
from Lemma 4.14 (1) and Lemma 4.15 .
Finally Q≤A2 is irreducible because Q
≤0
2 is dense open in Q2 and Q
≤0
2
∼=
H≤0e hence irreducible. Hence the lemma.
19
Proof of Lemma 4.12. By Lemma 5.10 in [21], we know that points IZ ∈ He
such that H1(IZ(d)) 6= 0 forms a subset of codimension ≥ 2 in H
≤0
e , hence
Lemma 4.12 follows directly from Lemma 4.16.
Lemma 4.17. (ρ2)∗OQ≤A2
∼= OH≤Ae for all A ≥ 0.
Proof. ρ2 is a birational projective morphism. Both Q
≤A
2 and H
≤A
e are integral
and He is normal, thus the lemma follows from Zariski main theorem.
On P2 × Q≤A2 we have an exact sequence given by the universal family
with Fd−3 the universal quotient.
0→R→ (idP2 × ρ2)
∗Ie ⊗ q
∗OP2(d− 3)→ Fd−3 → 0. (4.15)
The kernel R is a line bundle on P2×Q≤A2 . Let R := p∗R. Since R restricted
to the fiber over each point in Q≤A2 is isomorphic to OP2 , R is a line bundle.
There is a natural map p∗R→ R, which is injective since p∗R is of rank one,
and surjective since it is surjective when restricted to the fiber over any point
of Q≤A2 . Hence R
∼= p∗R = p∗(p∗R).
Let Grn be a torsion free sheaf of class c
r
n on P
2. Define
Σrn := det
−1(R•p∗(Fd−3 ⊗ q
∗Grn)).
Then by the universal property of determinant line bundles, Σrn|Qo2
∼= g∗2Θ
r
d−3(n).
Since Q≤A2 is irreducible and Q
o
2 is open in Q
≤A
2 , we have
h0(Qo2, g
∗
1Θ
r
d−3(n)) ≥ h
0(Q≤A1 ,Σ
r
n). (4.16)
On the other hand by (4.15), we have
Σrn
∼= det(R•p∗(q
∗Grn ⊗ p
∗R))⊗ det−1((idP2 × ρ2)
∗Ie ⊗ q
∗Grn(d− 3))
∼= R⊗χ(G
r
n) ⊗ ρ∗2det
−1(R•p∗(Ie ⊗ q
∗Grn(d− 3))) (4.17)
Let r = n, then by Lemma 4.17 we have (ρ2)∗Σ
r
r
∼= det−1(R•p∗(Ie ⊗ q
∗Grr(d−
3))) = Lr|H≤Ae . Combine (4.14) (4.16) and Lemma 4.16, we have
h0(He, L
r) ≤ h0(M(d− 3, 0)o,Θrd−3(r)), ∀r > 0. (4.18)
Proof of Statement (2) in Theorem 4.4. For d − 3 6= 2, by Lemma 4.2 and
Statement (2) in Lemma 4.14, the complement of M(d− 3, 0)o in M(d− 3, 0)
is of codimension ≥ 2. Hence by Proposition 4.13 and (4.18) we are done.
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Let d− 3 = 2. Notice that in this case ∀ F2 ∈ Ω2, F2 is semistable if and
only if h0(F2) = 0. Let Ω
′
2 parametrizing sheaves F2 such that h
0(F2) = 0 and
Supp(F2) is reduced, i.e. not a double line in |2H|. We then have the following
diagram analogous to (4.13)
P ′2
σ′2 //
f ′2

Ω
′
2
f ′M

Q′2 g2
//M(2, 0)′
. (4.19)
The complement of M(2, 0)′ is of codimension ≥ 2 in M(2, 0). Now in (4.19)
we still have f ′2 a principal PGL(2m)-bundle, but f
′
M only a good quotient.
σ′2 is PGL(2m)-equivariant, hence it descends to the map g2.
What we want is (g2)∗OQ′2
∼= OM(2,0)′ , and once we have this condition
the rest of our argument for d− 3 6= 2 applies and then we are done. In order
to show (g2)∗OQ′2
∼= OM(d−3,0)′ , we need to show that (σ
′
2)∗OP ′2
∼= OΩ′2 and this
will suffice.
Let P˜ ′2 := P(E xt
1
p(Q2|P2×Ω′2, q
∗OP2)). Then P
′
2 ( P˜
′
2 and P˜
′
2 is a projective
bundle over Ω′2. We have that (σ˜
′
2)∗OP˜ ′2
∼= OΩ′2 . Ω
′
2 is smooth and irreducible
and hence so is P˜ ′2. By a direct observation we see that the complement of P
′
2
in P˜ ′2 is of codimension 2 and hence j∗OP ′2
∼= OP˜ ′2
with j : P ′2 →֒ P˜
′
2 the open
embedding. On the other hand σ′2 = σ˜
′
2 ◦ j, hence (σ
′
2)∗OP ′2
∼= (σ˜′2)∗(j∗OP ′2)
∼=
(σ˜′2)∗OP˜ ′2
∼= OΩ′2 .
Hence we have proven Theorem 4.4.
Theorem 4.18. The strange duality map
SD : H0(W (2, 0, 2), λ2(d))
∨ → H0(M(d, 0),Θ2d(2)) (4.20)
is an isomorphism for all d > 0.
Proof. By Theorem 4.3.1 in [19], we know that π∗Θd ∼= O|dH| for all d > 0 with
π : M(d, 0) → |dH|. Hence h0(M(d, 0),Θd(n)) =
(
n+
d(d+3)
2
n
)
. By Corollary 4.5
and Lemma 4.1 we get the following equation
h0(M(d, 0),Θ2d(2)) ≤
(
5 + d
d
)
= h0(W (2, 0, 2), λ2(d)).
Hence SD is an isomorphism because it is injective by Proposition 3.1.
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Remark 4.19. The strange duality conjecture says that the map
SDc,u : H
0(Mc, λu)
∨ → H0(Mu, λc)
is an isomorphism. At numerical level it poses the following equation/question:
h0(Mc, λu) = h
0(Mu, λc)? (4.21)
which is also called numerical strange duality. However there is another ver-
sion of this conjecture at the numerical level as follows.
χ(λu) = χ(λc)? (4.22)
with χ(−) the Euler characteristic.
Both (4.21) and (4.22) are true for X a smooth curve. In the cases stud-
ied by Danila ([5],[6]), Abe ([1]) and also the author and Go¨ttsche ([19],[10]),
both (4.21) and (4.22) are right. However, Theorem 4.18 only implies (4.21)
for u = (0, dH, 0) and c = (2, 0, 2). We actually don’t know at now whether
(4.22) is true. Easy to see that
H i(W (2, 0, 2), λ2(d)) = H
i(P5,OP5(d)) = 0, for all i 6= 0 and d > 0.
By Proposition 4.3, H i(M(d, 0),Θ2d(2)) = H
i(|dH|, π∗Θ
2
d(2)). Unfortunately
for d ≥ 4 we don’t know much on π∗Θ
2
d. We don’t even know whether π∗Θ
2
d is
a vector bundle although it is torsion free of rank 2
(d−1)(d−2)
2 on |dH|.
Remark 4.20. The following map might not be surjective for n > 0, d ≥ 4
(e.g. see Proposition 5.1 in [22] for d = 4)
H0(|dH|,O|dH|(n))×H
0(Θ2d(2))→ H
0(Θ2d(2 + n)).
By Lemma 4.8, Lemma 4.9, (4.9) and (4.11) we have for n ≥ r
h0(DΘd,Θ
r
d(n)|DΘd ) = h
0(Q1,01 ,Λ
r
n) = h
0(H1,0e , L
r
1,0 ⊗ (ρ1)∗Oρ1(n− r)).
But (ρ1)∗Oρ1(n − r) is locally free of rank
(
3d+1+n−r,
n−r
)
, hence it is difficult to
compute h0(H1,0e , L
r
1,0 ⊗ (ρ1)∗Oρ1(n− r)) for n > r. So our strategy here may
not work on studying h0(Θ2d(n)) or the following strange duality map for n > 2
SDc2n,ud : H
0(W (2, 0, n), λc2n(d))
∨ → H0(M(d, 0),Θ2d(n)).
Remark 4.21. Fourier transform plays an important role in the proof of The-
orem 4.18. This is a limitation which prevents our result from extending to
other rational surfaces.
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Appendix.
A More on the Fourier transform.
We will use the same notations as in Section 3 and prove the following theorem
in this appendix.
Theorem A.1. Φ : M(d, 0) 99K W (d, 0, d) is a birational map of normal
projective schemes and Φ∗λd(r) ∼= Θ
r
d(r), ∀ d, r.
Moreover Φ∗ : H0(W (d, 0, d), λd(r))
∼=
−→ H0(M(d, 0),Θrd(r)) is an isomor-
phism.
With no loss of generality, we assume d ≥ 3 from now on. In order to
show Theorem A.1, we need to first extend the map Φ to a larger subset than
U(d, 0) = M(d, 0) \DΘd.
By Lemma 2.2 in [20], for every pure sheaf F of class ud, we can assign
to it a unique bundle EF ∼= ⊕
d
i=1OP2(mi) with
d∑
i=1
mi = −d and have the
following exact sequence
0→ EF ⊗OP2(−1)
A
−→ EF → F → 0, (A.1)
where A is a d× d matrix with entries in
⊕
n≥0
H0(OP2(n)). Also by Lemma 3.4
in [20], if F is semistable, then EF must have the form ⊕
k
i=1OP2(n+ i)
⊕ai with
some integer n and ai > 0. In particular, by direct observation we have
F ∈ U(d, 0)⇒ EF ∼= OP2(−1)
⊕d;
F ∈M(d, 0) and h0(F ) = h1(F ) = 1⇒ EF ∼= OP2 ⊕OP2(−1)
⊕d−2 ⊕OP2(−2).
LetM(d, 0)g be the open subset consisting of sheaves F such thatH1(F⊗
OP2(2)) = 0 and q∗(p
∗(F⊗OP2(2)))⊗O|H|(−1) are semistable. By Lemma 3.3,
Φ is a well-defined morphism (not only a set-map) over M(d, 0)g. By Theorem
4.4 and Theorem 4.8 in [12], M(d, 0)g = M(d, 0) for d ≤ 4. For d ≥ 5, we have
the following lemma.
Lemma A.2. Let F ∈ DΘd with d ≥ 5 such that h
0(F ) = h1(F ) = 1. If
the non-split extension of F by KX is torsion-free, then F ∈ M(d, 0)
g. In
particular, if the support of F , denoted by Supp(F ), is integral, then F ∈
M(d, 0)g.
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Proof. Easy to see thatH1(F⊗OP2(2)) = 0 because EF ∼= OP2⊕OP2(−1)
⊕d−2⊕
OP2(−2). Ext
1(F,OP2(−3)) ∼= H
1(F )∨. Hence there is a unique non-split
extension of F by OP2(−3) as follows.
0→ OP2(−3)→ I˜ → F → 0. (A.2)
Do Fourier transform to (A.2) and we get
0→ q∗(p
∗(I˜ ⊗OP2(2)))⊗O|H|(−1)
∼=
−→ q∗(p
∗(F ⊗OP2(2)))⊗O|H|(−1)→ 0,
(A.3)
which is because q∗(p
∗(OP2(−1))) = 0 = R
1q∗(p
∗(OP2(−1))).
h0(I˜) ∼= h0(F ) = 1, hence there is a non-zero map OP2 → I˜ which is
injective given I˜ torsion-free. Hence we have
0→ OP2 → I˜ → F1 → 0. (A.4)
r(F1) = 0, c1(F1) = c1(I˜) = (d − 3)H , χ(F1) = χ(F ) = 0 and moreover
h0(F1) = h
0(I˜)−1 = 0 which implies that F1 is semistable, since every subsheaf
of F1 can not have positive Euler characteristic. Hence F1 ∈M((d− 3)H, 0) \
DΘd−3.
Let G1 be the Fourier transform of F1, then G1 ∈ W (d− 3, 0, d− 3). Do
Fourier transform to (A.4) and we get
0→ S2TP2(−1)→ q∗(p
∗(I˜ ⊗OP2(2)))⊗O|H|(−1)→ G1 → 0, (A.5)
where S2TP2 ∼= q∗(p
∗(OP2(2))) is the 2
nd symmetric power of the tangent bun-
dle TP2. S
2TP2(−1) ∈ W (3, 0, 3) and hence by (A.3) and (A.5), the Fourier
transform of F is semistable and hence F ∈ M(d, 0)g.
LetW (d, 0, d)g := Φ(M(dH, 0)g), then V (d, 0, d) = Φ(U(d, 0)) ⊂W (d, 0, d)g.
Define
U˜(d, 0) :=
{
F ∈M(d, 0)
∣∣ Supp(F ) is integral, and
h0(F ) = h1(F ) ≤ 1.
}
.
Then by Lemma A.2, U˜(d, 0) ⊂M(d, 0)g.
Lemma A.3. The complement of U˜(d, 0) (V (d, 0, d), resp.) inM(d, 0) (W (d, 0, d),
resp.) is of codimension ≥ 2. Hence the complement of M(d, 0)g (W (d, 0, d)g,
resp.) in M(d, 0) (W (d, 0, d), resp.) is of codimension ≥ 2.
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Proof. M(d, 0) \ U˜(d, 0) is of codimension ≥ 2 is by Theorem 4.17 and Propo-
sition 5.5 in [21].
V (d, 0, d) consists of all the sheaves whose restrictions on a generic line
P1 ∼= l ∈ |H| are isomorphic to O⊕dl . It is enough to show that the following
set B is of codimension ≥ 2 in W (d, 0, d).
B :=
{
G ∈ W (d, 0, d)|H0(G⊗Ol(−1)) 6= 0, ∀ l ∈ |H|.
}
Let Ĥ be the subspace of H0(W (d, 0, d), λd(1)) generated by all the
sections induced by sheaves Ol(−1) with l ∈ |H|. Also Ĥ is the image of
H0(M(1, 0),Θd1(d))
∨ ∼= H0(|H|,O|H|(d))
∨ via the strange duality map SD1,(d)
(def. see (3.7)). Notice that B is the base locus of Ĥ .
W (d, 0, d) is of weight zero (def. see §1.2 in [8]). Hence by Theorem B,
Theorem E and Theorem F in [8], we have that Pic(W (d, 0, d)) ∼= Z generated
by λd(1). Since λd(1) is effective, it is an ample generator of Pic(W (d, 0, d)),
and hence every divisor in |λd(1)| can not be a union of two subdivisors. Hence
either B is of codimension ≥ 2 in W (d, 0, d), or dim Ĥ = 1. By Proposition
3.8, SD1,(d) is injective and hence dim Ĥ = h
0(|H|,O|H|(d)) ≥ 3. Hence
W (d, 0, d) \ V (d, 0, d) is of codimension ≥ 2. Hence the lemma.
Now we want to show that Φ∗λd(r) ∼= Θ
r
d(r) on U˜(d, 0) for all r. We need
modify Proposition 3.6 a bit. We first prove some lemmas.
Let X be a projective smooth scheme of dimension m with canonical line
bundle KX , for every element u ∈ K(X), we can find finitely many bundles
E1, · · · , En such that u =
n∑
i=1
ki[Ei]. We define u
∨ :=
n∑
i=1
ki[E
∨] where E∨ :=
H om(Ei,OX), and u
D := u∨⊗KX . By Serre duality, χ(c⊗u) = (−1)
mχ(c∨⊗
uD) for every c, u ∈ K(X).
Lemma A.4. Let X be a surface and S be a Noetherian scheme. τ : S×X →
X and ν : S × S → S are the projections. Let F be a sheaf over S ×X which
is a S-flat family of pure 1-dimensional sheaves of class u. Then
(1)The sheaf FD := E xt1(F , τ ∗KX) is a S-flat family of pure 1-dimensional
sheaves of class −uD.
(2) For every s ∈ S, FDs
∼= E xt1(Fs, KX), Supp(Fs) = Supp(F
D
s ),
χ(Fs) = −χ(F
D
s ) and Fs is (semi)stable iff so is F
D
s .
(3) ∀ c ∈ K(X), the determinant line bundle λF(c) := det
−1[R•ν∗(τ
∗c ⊗ [F ])]
(see Ch 8.1 in [11]) is isomorphic to λFD(c
∨) := det−1[R•ν∗(τ
∗c∨ ⊗ [FD])].
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Proof. F is of homological dimension 1 and we can have the following resolu-
tion
0→ K → H → F → 0, (A.6)
where K and H are locally free. Then we have
0→H∨ ⊗ τ ∗KX
α
−→ K∨ ⊗ τ ∗KX → F
D → 0. (A.7)
α is injective restricted to each fiber of ν over s ∈ S hence by Lemma 2.1.4
in [11] FD is S-flat, and FDs
∼= E xt1(Fs, KX) for all s ∈ S. The statement
on stability is easy to check. Let F be a pure 1-dimensional sheaf on X
and FD := E xt1(F,KX). Then ∀ F1 pure 1-dimensional sheaf, F1 →֒ F iff
FD ։ FD1 .
For statement (3), we only need to prove it for the case c = [E] with E
locally free. By (A.6) and (A.7), we have
λF(c) = (det[R
•ν∗(τ
∗E ⊗ K)])⊗ (det−1[R•ν∗(τ
∗E ⊗ H)]); (A.8)
λFD(c
∨) = (det−1[R•ν∗(τ
∗(E∨⊗KX)⊗K
∨)])⊗(det[R•ν∗(τ
∗(E∨⊗KX)⊗H
∨)]).
(A.9)
On the other hand by Grothendieck duality (or Lemma 5.5 in [1]), for all E
locally free
det⊗(−1)
dim X
[R•ν∗(τ
∗(KX) ⊗ E
∨)] ∼= det−1[R•ν∗E ].
Hence the statement. The lemma is proved.
Corollary A.5. The map κ : M(d, 0) → M(d, 0) sending F to FD is an
isomorphism and for any determinant line bundle associated to c ∈ K(X)
κ∗λud(c)
∼= λud(c
∨). In particular, κ∗Θrd(n)
∼= Θrd(n) for all r, n.
Proof. This follows straightforward after Lemma A.4. Notice that −uDd = ud
and (crn)
∨ = crn.
Remark A.6. If d = 1, 2, then the map κ in Corollary A.5 is an identity.
Recall that we have the diagram
P2 × |H| ⊃ D
q

p
// P2
|H| ∼= P2
, (A.10)
where D is the universal curve in P2 × |H|.
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Lemma A.7. (1) Let F be a pure sheaf of class ud and Supp(F ) does not
contain any line l ∈ |H|, then its Fourier transform GF = q∗(p
∗(F⊗OP2(2)))⊗
O|H|(−1) is locally free. If moreover h
1(F ⊗OP2(2)) = 0 then
G∨F
∼= q∗(p
∗(FD ⊗OP2(−1)))⊗O|H|(2).
(2) Let F be a sheaf over S×P2 which is a S-flat family of pure sheaves
such that h1(Fs⊗OP2(2)) = 0 and Supp(Fs) does not contain any line l ∈ |H|
for all s ∈ S. Then the Fourier transform
G∨F := (idS × q)∗((idS × p)
∗(FD ⊗ τ ∗OP2(−1)))⊗ τ
∗OP2(2)
is a flat S-family of locally free sheaves of class cdd.
Proof. (1) We have the following resolution on D by (A.1) and the flatness of
the map p
0→ p∗(EF ⊗OP2(−1))
p∗A
−−→ p∗EF → p
∗F → 0. (A.11)
Supp(F ) does not contain any line l ∈ |H|, hence p∗det(A)(l) 6= 0 for every
l ∈ |H| and hence p∗A is injective restricted to fibers of q over all l ∈ |H|.
By Lemma 2.1.4 in [11], p∗(F ⊗ OP2(2)) is flat over |H| and hence GF =
q∗(p
∗(F ⊗OP2(2)))⊗O|H|(−1) is locally free of rank d. By h
1(F ⊗OP2(2)) = 0,
we have h1((EF ⊗OP2(i))|l) = 0 for i = 1, 2 and any l ∈ |H|. Hence we have
0→ q∗(p
∗(EF⊗OP2(1)))
A˜
−→ q∗(p
∗(EF⊗OP2(2)))→ GF⊗O|H|(1)→ 0. (A.12)
On the other hand we have
0→ E∨F ⊗OP2(−3)
AT
−−→ E∨F ⊗OP2(−2)→ F
D → 0, (A.13)
where AT is the transform of A. h0((E∨F ⊗ OP2(−i − 2))|l) = h
1((EF ⊗
OP2(i))|l) = 0 for i = 1, 2 and any l ∈ |H|, then we have
0→ q∗(p
∗(FD⊗OP2(−1)))→ R
1q∗(p
∗(E∨F⊗OP2(−4)))
A˜T
−−→ q∗(p
∗(E∨F⊗OP2(−3)))→ 0.
(A.14)
The relative dualizing sheaf ωD/|H| of q is q
∗O|H|(1)⊗p
∗OP2(−2). By Grothendieck
duality we have
R1q∗(p
∗(E∨F ⊗OP2(−4)))⊗O|H|(1)
∼= (q∗(p
∗(EF ⊗OP2(2))))
∨;
R1q∗(p
∗(E∨F ⊗OP2(−3)))⊗O|H|(1)
∼= (q∗(p
∗(EF ⊗OP2(1))))
∨.
It is easy to see that A˜T = (A˜)T and (A.14) can be obtained by tensoring the
dual sequence of (A.12) by O|H|(−1). Hence G
∨
F
∼= q∗(p
∗(FD ⊗ OP2(−1))) ⊗
O|H|(2).
The proof of (2) is analogous to Lemma 3.3 (1). We have finished the
proof of the lemma.
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Lemma A.8. Let ς : W (d, 0, d) 99K W (d, 0, d) be the birational map sending
every locally free G to its dual G∨, then ς induces an isomorphism outside a
codimension ≥ 2 subset and ς∗λcd
d
(u) ∼= λcd
d
(−uD) for every λcd
d
(u) well-defined.
In particular, ς∗λd(r) ∼= λd(r) for all d, r.
Proof. V (d, 0, d) ∼= U(d, 0). Sheaves with non-integral supports form a subset
of codimension ≥ 2 in U(d, 0) by Theorem 4.17 in [21], hence non-locally free
sheaves in V (d, 0, d) form a subset of codimension ≥ 2 by Lemma A.7 (1).
Since W (d, 0, d) \ V (d, 0, d) is of codimension ≥ 2 by Lemma A.3, non-locally
free sheaves in W (d, 0, d) form a subset of codimension ≥ 2.
The statement on determinant line bundles can be shown by analogous
argument to Lemma A.4 (3). Hence the lemma.
Now we start to modify Proposition 3.6.
Let FS (FT , resp.) be a S-flat (T -flat, resp.) family of sheaves in U˜(d, 0)
(U˜(r, 0), resp.), and moreover for a generic (s, t) ∈ S × T , the intersection of
supports of FSs and F
T
t is of dimension 0. Let G
T be the Fourier transform
of FT . Let (FS)D be the dual of FS as defined in Lemma A.4 and let (GS)∨
be the analog to Lemma A.7. Then by Lemma A.4 and a direct observation,
(FS)D is a S-flat family of sheaves in U˜(d, 0). By Lemma A.7, (GS)∨ is S-flat.
Denote by Θrd(r)
D|S (Θ
d
r(d)|T , resp.) the pullback of Θ
r
d(r) (Θ
d
r(d), resp.)
on U˜(d, 0) (U˜(r, 0), resp.) via the classifying map S → U˜(d, 0) (T → U˜(r, 0))
induced by (FS)D (FT , resp.), and denote by λd(r)
∨|S (λr(d)|T , resp.) the
pullback of λd(r) (λr(d), resp.) on W (d, 0, d)
g (W (r, 0, r)g, resp.) via the
classifying map S → W (d, 0, d)g (T → W (r, 0, r)g) induced by (GS)∨ (GT ,
resp.). Then by Corollary A.5 and Lemma A.8, we have Θrd(r)
D|S ∼= Θ
r
d(r)|S
and λd(r)
∨|S ∼= λd(r)|S.
Define
D̂1 :=
{
(s, t) ∈ S × T
∣∣H0((FS)Ds ⊗ GTt ) 6= 0};
D̂2 :=
{
(s, t) ∈ S × T
∣∣H0((GS)∨s ⊗ FTt ) 6= 0}.
Then according to Theorem 2.1 in [6], D̂1 (D̂2, resp.) is a divisor of line bundle
Θrd(r)|S ⊠ λr(d)|T (λd(r)|S ⊠ Θ
d
r(d)|T , resp.), which induces a map ζD̂1 (ζD̂2 ,
resp.) as follows.
H0(S,Θrd(r)|S)
∨
ζ̂
D1−−→ H0(T, λr(d)|T );
H0(S, λd(r)|S)
∨
ζ̂
D2−−→ H0(T,Θdr(d)|T ).
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Proposition A.9. Θrd(r)|S ⊠ λr(d)|T
∼= λd(r)|S ⊠ Θ
d
r(d)|T and D̂
1 = D̂2. In
particular, we have the following commutative diagram
H0(S,Θrd(r)|S)
∨
ζ̂
D1 //
∼=

H0(T, λr(d)|T )
∼=

H0(S, λd(r)|S)
∨
ζ̂
D2
// H0(T,Θdr(d)|T ).
(A.15)
Proof. The proof is analogous to Proposition 3.6. But we replace G˜ by F˜
defined as follows.
F˜ := ((idS×T×p)
∗α∗S((F
S)D⊗τ ∗SOP2(−1)))⊗((idS×T×q)
∗α∗T (F
T⊗τ ∗TOP2(2))).
Then by Lemma 3.5 (3) and Lemma 3.4 we have
Ri(idS×T × p)∗F˜ = 0, ∀ i > 0, (idS×T × p)∗F˜ ∼= α
∗
S(F
S)D ⊗ α∗TG
T ,
and
Ri(idS×T × q)∗F˜ = 0, ∀ i > 0, (idS×T × q)∗F˜ ∼= α
∗
S(G
S)∨ ⊗ α∗TF
T .
Then by following the rest argument of the proof of Proposition 3.6, the propo-
sition is proved.
Proof of Theorem A.1. By Proposition A.9, Φ∗λd(r) ∼= λd(r) = Θ
r
d(r), ∀ d, r.
Since bothM(d, 0) andW (d, 0, d) are normal and irreducible, Φ∗OM(d,0)g ∼=
OW (d,0,d)g . Therefore Φ∗Θ
r
d(r)
∼= λd(r), ∀ d, r. By Lemma A.3 we have
H0(M(d, 0),ΘrdH(r))
∼=
−→ H0(M(d, 0)g,ΘrdH(r))
∼=
−→ H0(W (d, 0, d)g,Φ∗Θ
r
dH(r))
∼=
−→ H0(W (d, 0, d)g, λd(H
⊗r))
∼=
−→ H0(W (d, 0, d), λd(H
⊗r))
.
The theorem is proved.
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